This paper presents a generalization of a theorem of Saltman on the existence of generic extensions with group A ⋊ G over an infinite field K, where A is abelian, using less restrictive requirements on A and G. The method is constructive, thereby allowing the explicit construction of generic polynomials for those groups, and it gives new bounds on the generic dimension.
Introduction
Inverse Galois theory is concerned with the question of whether a given finite group G is realizable as Galois group over some field K (cf. Malle and Matzat, 1999) . Once this question is settled, one can go a step further and ask for a description of all Galois extensions of K with group G. This is done using parametric polynomials, i.e. polynomials f (x 1 , . . . , x k , X) with coefficients in some rational function field K(x 1 , . . . , x k ), such that the splitting field of f over K(x 1 , . . . , x k ) has Galois group G and that every G-extension of K is the splitting field of f (a 1 , . . . , a k , X) for a specialization of f with certain a 1 , . . . , a k ∈ K. Usually, one also requires that these polynomials describe all Galois extensions with group G, where the fixed field is an arbitrary extension field of K; in this case, f is called generic. For an excellent reference for generic polynomials see Jensen et al. (2002) .
In Saltman (1982) , the concept of generic extensions for a group G is introduced, and Ledet (2000) showed that over infinite ground fields K, the existence of a generic G-extension is equivalent to the existence of a generic G-polynomial. Kemper (2001) then showed that every generic polynomial is in fact descent generic, i.e. every subgroup of G is the splitting field of some specialization.
In this paper, we will prove the following theorem:
Theorem 1. Let A be a finite abelian group and K an infinite field. Let G be a finite group acting on A by automorphisms, such that for every prime p the order of the image of G in Aut(A p ) is coprime to p, where A p denotes the p-Sylow subgroup of A. If there exist generic extensions for G and A over K then there exists a generic extension for A ⋊ G over K.
This is a generalization of Saltman (1982, Theorem 3.5) , where the same result is proved under the condition that |A| and |G| are coprime. Saltman proves this as an easy corollary of his theorem which states that a generic A ≀ G-extension exists, provided that generic extensions for A and G exist. While this conclusion is quite elegant and in particular shows the existence of generic A ⋊ G-polynomials for certain A and G, it is not trivial to extract those polynomials from the generic extensions. This extraction has been carried out in Jensen et al. (2002, Section 5.5 ) for dihedral groups of prime power degree (i.e. G = C 2 ), but the number of parameters of the generic polynomials thus constructed is not optimal. The authors of Jensen et al. (2002) deem it already too involved to construct generic polynomials for Frobenius groups of prime degree, which is naturally the next family of semidirect products to study after dihedral groups.
The approach of this paper uses Kummer theory as outlined in Section 2. The proof of Theorem 1 is constructive, and the extraction of a generic A ⋊ G-polynomial is straightforward. In particular, the construction of generic polynomials for dihedral groups or Frobenius groups is now an easy task.
In Section 4 we will construct generic polynomials for most of the groups of order 24.
Kummer theory
We prove two easy results in Kummer theory, which will be our motivation for the construction of the generic A ⋊ G-extensions. In this whole section, let n ∈ N, let K be a field with characteristic coprime to n, and let L/K be a finite Galois extension such that L contains a primitive nth root of unity ζ n . By the classical Kummer theory, the abelian extensions E/L with exp(Aut E (L)) n are in bijection to the subgroups U ≤ L * /L * n , where the bijection maps each such subgroup U to the field extension L( Lang (2002, VI, §8) . Here, exp(A) denotes the exponent of the group A, i.e. the least common multiple of orders of elements in A, and L( n √ U ) is the field extension of L where all nth roots of elements a ∈ L * with aL * n ∈ U are adjoined.) The first result is a criterion to decide whether L(
Galois extension if and only if U is invariant under the action of the Galois group of L/K.
is the splitting field of P U = {t n − a | a ∈ L * and aL * n ∈ U } over L, and this set is invariant under G, i.e. for t n − a ∈ P U and g ∈ G we have t n − g(a) ∈ P U . Consider the set
where Ga is the G-orbit of a. Then L( n √ U) is the splitting field of Q over L, and it contains the splitting field E of Q over K, which is therefore Galois over K, as the polynomials in Q are separable. To prove that L( n √ U ) = E, we have to show that L ⊆ E; but for a ∈ L * the polynomial t n − a n is an element of P U and hence a divisor of an element of Q, therefore a ∈ E. Now let L( n √ U )/K be Galois, and consider the set Q as above. Then every polynomial in Q has a zero in L( n √ U ) and hence splits completely. In particular, the polynomial t n − g(a) splits for every g ∈ G and every aL * n , and by the bijection between subgroups of L * /L * n and abelian extensions of L this implies g(a)L * n ∈ U .
If we know that an extension L( n √ U)/K is Galois, we can try to determine the isomorphism type of the Galois group. This can be done if the Galois group is known to be a semidirect product of
To describe the action of G on N we use the following non-degenerate pairing (cf. Lang, 2002 , VI, §8):
(which is then isomorphic to G). Let g ∈ G and h ∈ N ; then ghg −1 is determined by
Since the pairing is non-degenerate, this determines ghg −1 uniquely.
Corollary 4. Assume that K contains a primitive nth root of unity. Let U ≤ L * /L * n be a subgroup isomorphic to (Z/nZ) k for some k ∈ N, and assume that U is invariant under the action of G := Aut K (L). Furthermore, assume that the Galois group of L(
The whole construction of the generic extension for A ⋊ G is motivated by this corollary.
2. whenever K is an extension field of K and L/K is a Galois algebra with group G, there is a K-algebra homomorphism ϕ : R → K, such that S ⊗ ϕ K/K and L/K are isomorphic as Galois extensions. The map ϕ is called a specialization.
Since a lot of arguments involve extending the scalars of K-algebras to K(ζ n ), we adopt the following notation.
Notation. Let n ∈ N and K a field of characteristic coprime to n. Whenever X is a K-algebra, we set X n := K(ζ n ) ⊗ K X, where ζ n is a primitive nth root of unity.
Construction of generic extensions
We have the following analogue to Corollary 4 for Galois algebras.
Lemma 6. Let n ∈ N, and let K be a field of characteristic coprime to n. Let A = (Z/nZ) k for some k ∈ N and let G be a finite group acting faithfully on A. Define C := Aut K (K n ). Let T /K be a Galois algebra with group A ⋊ G and
* as (Z/nZ)G-modules, and for any αS * n ∈ α 1 S * n , . . . , α k S * n of order n, the group αS * n is isomorphic to ζ n as (Z/nZ)Cmodule.
Proof. Let A i be the ith component of (Z/nZ) k , and let A i be the canonical complement (i = 1, . . . , k). Then T Ai /S and hence T Ai n /S n is Galois with group A i ∼ = C n . Since S n is a direct sum of isomorphic fields, by Hilbert 90 for Galois algebras there exists
by multiplying α i with roots of unity. Since T n is generated by the subalgebras T Ai n , we have
For the last statement consider the non-degenerate pairing
n for all g ∈ G, which proves that α 1 S * n , . . . , α k S * n is isomorphic to A * as (Z/nZ)G-modules. Now let κ ∈ C and e ∈ N with κ(ζ n ) = ζ e n . Then we have σ, κ(α)S * n = κ σ, κ(α)S * n = σ, αS * n e , and since the pairing is bi-multiplicative and non-degenerate, we have κ(α)S * n = α e S * n , which concludes the proof.
Our next goal is to describe the action of G on T n more precisely: we know the images of the α i only up to elements in S * n ; we will therefore choose new generators β 1 , . . . , β k of T n where we can describe the action explicitly. To do this, we make the following assumption: we let n = q for a prime power q and assume that A = (Z/qZ) k is cyclic as (Z/qZ)G-module. For any submodule M ≤ (Z/qZ)G isomorphic to A * we then have M A * = A * . More precisely, for any x ∈ A * with (Z/qZ)x = A * we have M x = A * . Fix such an M and let (m 1 , . . . , m k ) be a basis of M such that m 1 is a cyclic generator of M ; then m 1 · x is again a cyclic generator of A * . 4
The passage from T * q to T * q /S * q corresponds to the passage from Z to Z/qZ. The idea is therefore to choose preimages of Z/qZ in Z for M and transfer the resulting relations onto T * q : Let Λ : G → (Z/qZ) k×k : g → Λ g be the representation induced by M with respect to the basis (m 1 , . . . , m k ). Furthermore, let Γ g i ∈ Z/qZ with m i = g∈G Γ g i g for all g ∈ G and i ∈ {1, . . . , k}. Choose λ g ∈ Z k×k and γ g i ∈ Z such that Λ g = λ g mod q and Γ g i = γ g i mod q for all g ∈ G and i ∈ {1, . . . , k}. Then we have on the one hand
on the other hand
k be the dual basis of (m 1 , . . . , m k ) and C := Aut K (K q ).
Lemma 7. With the assumptions and notations above, let T /K be a Galois algebra with group A ⋊ G and set S := T A . Choose a generator αS *
Then there exist roots
, and C, G, and A act on T q by
), and δ ij is the Kronecker delta.
. . , q − 1, so for every g ∈ G and every i ∈ {1, . . . , k} there exists ℓ
. . , k, and gξ k+1 = ξ k+1 (i.e. ξ i corresponds to β ′ i for i = 1, . . . , k, and ξ k+1 corresponds to ζ q ). Then (Z/qZ) k ⊕ Z/qZ / ξ k+1 ∼ = A * , i.e. there exist µ 1 , . . . , µ k ∈ Z such that ξ 1 + µ 1 ξ k+1 , . . . , ξ k + µ k ξ k+1 is a submodule isomorphic to A * . Setting β i := ζ µi q β ′ i yields the desired result for the action of G. For the action of C just note that κ(β
The last lemma gives us the formulae to construct Galois extensions with group A⋊G, given a G-extension and a C q -extension.
Lemma 8. Let R ⊆ S ⊆ U be K-algebras, such that S/R is a G-extension and U /S is a C q -extension. Assume that U q = S q [θ] with θ ∈ U q such that v := θ q ∈ S q ; for κ ∈ C with κ(ζ q ) = ζ e q let y κ ∈ S q with κ(θ) = θ e y κ .
Set
be an arbitrary element in T q , where s ℓ ∈ S q and
is well defined. We show that this defines an action of G on T q : let g, h ∈ G and i ∈ {1, . . . , k}. Since Λ is a representation, we have
On the one hand we have
on the other hand we have (gh)(θ j ) = 
This amounts to show
and
which proves ( * ). We show that the actions of A and G on T q result in an A⋊G-extension T q /R q . For i, j ∈ {1, . . . , k} and g ∈ G choose µ g ji ∈ Z such that g −1 σ i g = k j=1 µ g ji σ j ; since A acts trivially on S q , it is enough to prove that σ i g and g k j=1 µ g ji σ j act in the same way on θ ℓ for ℓ ∈ {1, . . . , k}. We have on the one hand
Since (σ 1 , . . . , σ k ) is the dual basis of (m 1 , . . . , m k ), we have λ
Finally, it is easy to verify that our definition gives an action of C on T q and that the actions of C and A ⋊ G commute, which finishes the proof of the lemma.
Remark. Whenever there exists a generic C q -extension over K, we can choose one of the form U/S such that U q = S q [θ] for some θ ∈ U q with θ q ∈ S q , as in the last lemma. The proof is almost identical to the proof that a generic extension can be chosen to have a normal basis, using the equivalence of the existence of generic G-extensions over K and the retract-rationality of the extension K(t 1 , . . . , t n )/K(t 1 , . . . , t n ) G , where G acts faithfully and transitively on {t 1 , . . . , t n } (cf. (Jensen et al., 2002, Remark, p. 100) and (Saltman, 1982, Corollary 5.4 
)).
Note that the generic C q -extensions constructed by Saltman (1982) already are of this form. Now let A be any finite abelian group. For every prime p let A p be the p-Sylow subgroup of A. Then A ∼ = p prime A p and Aut(A) ∼ = p prime Aut(A p ), so if a group G is acting on A, this action induces actions on the groups A p . We can get a finer decomposition of A: For each prime p, the group A p is a Z p G-module, where Z p G is the group ring of G over the ring of p-adic integers Z p . We assume p ∤ G; then Z p G is a direct sum of full matrix rings of unramified extensions of Z p (cf. (Jacobinski, 1981, Satz 11 .1), (Holt and Plesken, 1989 , Proposition 2.2.28)), i.e.
where n(i) ∈ N, and R i is an unramified extension of Z p , for i = 1, . . . , ℓ. By multiplying A p with the corresponding central idempotents, it suffices to analyze finite R n×n -modules, where R is an unramified extension of Z p and n ∈ N. Using Morita equivalence and the Fundamental Theorem of finitely generated modules over PIDs we conclude
for some m, n i , k i ∈ N, where each (Z/p ei Z) ki is an irreducible Z p G-module. We are now able to prove Theorem 1.
Proof of Theorem 1. Let S/R be a generic G-extension over K. We can assume that S/R has a normal basis (cf. Jensen et al., 2002, p. 105) , and thus S N /R has a normal basis for any normal subgroup N G.
We assume first that A is of the form A ∼ = (Z/qZ) k for some prime power q and some k ∈ N, such that A is cyclic as (Z/qZ)G-module. Let N G be the kernel of the action of G on A. Let V/U be a generic C q -extension over K; by the previous remark we can assume that V q = U q [θ] for some θ ∈ V q with θ q ∈ U q . By the definition of generic extensions, R is of the form R = K[r 1 , . . . , r m , 1/r] and U is of the form U = K[u 1 , . . . , u n , 1/u]. Let u = f (u 1 , . . . , u n ) for some polynomial f . Let (s 1 , . . . , s ℓ ) be a free basis of S N /R; choose n · ℓ indeterminates y = (y 11 , . . . , y nℓ ) over S and set and define a homomorphism ϕ :
′ is a C q -extension, and
, and extending the map ψ to R ′ by y ij → z ij we get an isomorphism T q ⊗ ψ K/K ∼ = T q /K which maps θ i to β i , i.e. an isomorphism of C × (A ⋊ G)-extensions. Restricting to the fixed algebras, we get T ⊗ ψ K/K ∼ = T /K as A ⋊ G-extensions. Now let A be arbitrary; we have A ∼ = p prime A p as G-module. Let p be a prime and N G the kernel of the action of G on A p . Then there exist n 1 , . . . , n m ∈ N and k 1 , . . . , k m ∈ N such that
The process above can be carried out for each of those cyclic submodules to give a generic A ⋊ G-extension.
Generic polynomials and generic dimension
The generic dimension of a group G over a field K, denoted by gd K G, is the minimal number of parameters in a generic G-polynomial over K, or ∞ if no generic polynomial exists (cf. Jensen et al., 2002, Section 8.5 ). The following bounds can be derived from Saltman's results about generic extensions for semidirect products A ⋊ G: If G is a finite group acting on the finite abelian group A by automorphisms with kernel N G, and if K is an infinite field and |G| and |A| are coprime, then gd Jensen et al., 2002, Proposition 8.5.6 ). Using the construction in Theorem 1, these bounds can be considerably improved:
Let A be a finite abelian group and G a group acting on A, such that for every prime p the image of G in Aut(A p ) has order coprime to p. Let p ℓp be the exponent 8 of A p and N p G the kernel of the action on A p ; then there exist k 1 , . . . , k ℓp such that
Corollary 9. Let A be a finite abelian group and G a group acting on A, such that for every prime p the image of G in Aut(A p ) has order coprime to p. For every prime p, define N p , ℓ p , and γ(p, i) as above. Then
Saltman gives an explicit construction of generic C q -extensions for prime powers q with 8 ∤ q (cf. Saltman, 1982 , Proposition 2.6), and Jensen, Ledet, and Yui use these extensions to construct generic polynomials in ϕ(q)/2 parameters for odd q (cf. Jensen et al., 2002, Proposition 5.3.4) . This allows us to construct generic A ⋊ G-polynomials over Q:
Corollary 10. Let A be a finite abelian group with 8 ∤ exp(A). Let G be a group acting on A, such that for every prime p the image of G in Aut(A p ) has order coprime to p. For every prime p, define N p , ℓ p , and γ(p, i) as above. Let R = K[r 1 , . . . , r m , 1/r] and let S/R be a generic G-extension with a normal basis. Then a generic (A ⋊ G)-polynomial over Q with
parameters can be effectively constructed.
Proof. It suffices to consider the case where A is of the form A ∼ = (Z/qZ) k for some prime power q and some k ∈ N, such that A is cyclic as (Z/qZ)G-module. In the general case we can take a product of the generic polynomials. Let N G be the kernel of the action of G on A. Let T /K be a Galois algebra with group A ⋊ G. Choose α and β i in T C /S N is Galois with group C q . Following the argument in Jensen et al. (2002, p. 103) we see that there exists j ∈ {1, . . . , q − 1} with (j, q) = 1 and a specialization ϕ : T → K such that θ 1 maps to β j 1 and Tr T q /T (θ 1 ) maps to a primitive element of (S
C /S N . Using the pairing in Lemma 6, we see that the Galois closure of (S
, and we chose m 1 as cyclic generator. Thus the product of the minimal polynomial of Tr T q /T (θ 1 ) and a (suitable) generic polynomial for G is a generic polynomial for A ⋊ G.
Remark. The generic polynomials can be simplified in special cases.
1. Assume that G acts faithfully on the cyclic (Z/qZ)G-module A ∼ = (Z/qZ) k , where q is a prime power and k ∈ N. By replacing α by α j and β 1 by β j 1 in the situation above we can assume that j = 1, i.e. Tr(β 1 ) is a primitive element of (S q [β 1 ]) C /S, where S := T A . We claim that the Galois closure of K[Tr(β 1 )]/K is T , i.e. the minimal polynomial of Tr T q /T (θ 1 ) is generic (i.e. there is no need for the additional generic polynomial for G in the proof above): G-action, we get that the normal core of A is trivial, hence B ′ intersects A trivially. The group AB ′ splits over A, so B ′ is a subgroup of G. But G acts faithfully on A, i.e. B ′ = 1. 2. Now assume A = Z/qZ for an odd prime power q = p n and G acts faithfully on A. In (1) above we saw that we can get an irreducible generic polynomial of degree |G| · q; now, we make some further reductions which will give a generic polynomial of degree q. Since G is isomorphic to a subgroup of Aut(C q ), it is cyclic of order ℓ, generated by an element g ∈ G. We can choose the γ Ψ(v) in Lemma 8 for some k ∈ N. Furthermore, we can choose V/U as the generic C q -extension constructed by Saltman: Let d = ϕ(q), let e ∈ N be of order pd modulo pq and choose a generator κ of Aut Q (Q(ζ q )). Set Jensen et al., 2002, Section 5.3) . Next, let S / R be a generic G-extension with free basis (s 1 , . . . , s ℓ ), and replace each u i by j y ij s j , so from x we get X := ( j y 1j The argument is analogous to the proof of Jensen et al. (2002, Proposition 5.3.4 
′ is generated by their traces. We only have to consider the cases i = 0 and (q, j) = 1, since the other traces are either conjugate to one of those or lie in a subextension. If T /K is a C q ⋊G-extension and S := T G , then T q = S q [β 1 ] with β q 1 = Ψ(Φ(b)) for some b ∈ S, and some element Tr Tq/T G (θ
, so by sending X to g −m (b j ) we get the desired result.
Remark. The theory developed here gives an interpretation for the element M τ (b) in Saltman (1982, Theorem 2. 3) or Φ(b) in Jensen et al. (2002, Section 5. 3), which is used to characterize cyclic extensions of prime power degree q: it is an image of an element in (Z/qZ)C which generates a submodule isomorphic to the (Z/qZ)C-module ζ q (where C := Aut K (K(ζ q )), and K is the base field).
Examples
Example 11 (S 3 = D 6 = C 3 ⋊ C 2 ). A generic C 2 -extension is given by R ′ = K[r, 1/r] and S ′ := R ′ [α] with α 2 = r, where C 2 acts by changing the sign, and s := 1−α generates a free basis. We have X := y 1 +y 2 α+ζ−ζ 2 and θ 3 1 = Ψ(Φ(X)) = X 4 κ(X 2 )g(X 2 )κ(g(X)). We replace θ 1 by θ 1 /X to remove the fourth power, and get the trace t of sθ as t = θs + θ 2 g(s) g(x 1 )κ(x 1 ) + θ 2 s g(x 1 )κ(x 1 ) + θg(s).
The generator σ of C 3 simply acts on the summands by multiplication with roots of unity, and we can calculate the minimal polynomial of t as µ := X 3 − 12(A 2 + 12y The easy example of the generic S 3 -polynomial allows us to construct generic polynomials for groups of order 24.
Example 12 (Groups of order 24). There are 15 groups of order 24, and it is known for all of them whether generic polynomials over Q exist (cf. Jensen et al., 2002, Exercise 7. 3). We are now able to actually compute generic polynomials for those groups.
For C 3 × C 8 ∼ = C 24 and C 3 ⋊ C 8 there are no generic polynomials over Q. For SL(2, 3), Rikuna (2004) proved that the invariant field of a four-dimensional representation is purely transcendental, so a generic polynomial can be constructed, e.g using the methods of Kemper and Mattig (2000) .
If the group is a direct product (i.e. D 8 × C 3 , Q 8 × C 3 , C 4 × C 6 , V 4 × C 6 , S 3 × C 4 , S 3 × V 4 ∼ = D 12 × C 2 , (C 3 ⋊ C 4 ) × C 2 , and C 2 ≀ C 3 ∼ = A 4 × C 2 ), a generic polynomial can be constructed by taking a product of generic polynomials for each factor. Generic polynomials for S 4 are well known, so we are left to deal with the groups C 3 ⋊ Q 8 , G 1 := C 3 ⋊ D 8 , where the kernel of the action is C 4 , and G 2 := C 3 ⋊ D 8 , where the kernel of the action is V 4 .
We start with C 3 ⋊ Q 8 . Let X). Then µ 1 is a generic Q 8 -polynomial (Jensen et al., 2002, Theorem 6.1.12) , and a quadratic subextension is parametrized by the polynomial X 2 − (1 + r 
